The computational boundary method for solving the incompressible flows  by Yang, Henry H.
Appl. Math. Lett. Vol. 6, No. 2, pp. 3-7, 1993 
Printed in Great Britain 
06959659193 $6.00 + 0.00 
Pergamon Press Ltd 
THE COMPUTATIONAL BOUNDARY METHOD 
FOR SOLVING THE INCOMPRESSIBLE FLOWS 
HENRY H. YANG 
Institute of Applied Mathematics, University of British Columbia 
Vancouver, British Columbia V6T 122, Canada 
(Received December 1991; revised and accepted October 1992) 
Abstract-A new method is described for solving the Navier-Stokes equations in the primitive 
variable formulation. 
1. INTRODUCTION 
Using the influence matrix technique [1,2], Le Qukrk and Alziary de Roquefort [3] proposed a 
second-order Adams-Bashforth and Crank-Nicolson scheme for the time and a Chebyshev-Tau 
approximation for the space discretization, which reads as follows without discretizing the space 
variables, 
vn+l - V” 
At 
+ 3(V” * V)V” - (V”-1 . V)V”-’ 
2 
= _vp”+W) + #4 v+l + V” 
2 ’ 
in R, (1.1) 
where the pressure is considered as an intermediate field evaluated at (n + i)At. For the sake of 
clarity, one may define a vector S which is obtained from two previous steps such that 
s - in R, z ; V” -V)V” - (vn-1 * V)V”-1 _ yv2y, 
2 2 (1.2) 
and by taking off the superscript (n + 1) and (n + g), equation (1.1) can be written in a concise 
form, 
;VaV - -+o,+s, in R, (1.3) 
together with the incompressibility constraint and boundary conditions, i.e., 
v*v=o, in R, (1.4) 
V*V=O, V = V Ian, on 80. (1.5) 
Due to the fact that V.V = 0 everywhere including the boundary, equation (1.4) can be replaced 
by (see [3] for details) 
v2p+v*s=o, in R. (1.6) 
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2. THE COMPUTATIONAL BOUNDARY METHOD 
One of the major concerns is how to solve equations (1.3) and (1.6) together with their boundary 
conditions (1.5) efficiently and accurately. Here we proposed a new method which is considered 
to be more efficient than the Influence Matrix technique. To illustrate this new idea, we write 
the above system in a simplified form, 
xv2v = vp + s, in Sz, (2.1) 
v2p+v.s=o, in R, (2.2) 
with the boundary conditions 
v*v=o, on Xl, (2.3) 
V = V Ian, on dR, (2.4) 
where S is a vector, which could be either given or depend on the unknown vector V; A is a 
constant. The system (2.1)-(2.4) clearly shows that there is no boundary condition for pressure p 
and the boundary conditions for the velocity V are too many. It is a model for the Navier-Stokes 
equations because of the fact that, if equations (2.1) and (2.3) are satisfied, then 
v*v=o*v.(xv2v)=v.(vp+s)~v2p+v.s=o, in R, (2.5) 
which states that the incompressibility condition is equivalent to the pressure Poisson equa- 
tion (2.2) provided that the boundary condition (2.3) is kept. 
Let us define now by f12, the set of collocation points in the interior of the 2-D solution domain: 
fl,={Zi,yj; l<i<N-l,llj<M-1}, (2.6) 
where 2i = COS( $), yj = COS( g) and by &l, the set of collocation points on the boundary. Let 
US also denote by PN,M and RN,M the set of polynomials of degree at most equal to N in z 
and to M in y with scale and vector form respectively. Then the Chebyshev pseudo-spectral 
approximation of the system (2.1)-(2.4) consists in searching p~,&f E PN,M and VN,M E RN,M 
solution as follows: 
AV2V~,~ = VPN,M + SN,M, in R,, (2.7) 
v2p~,~ + V * SN,M = 0, in R,, (2.3) 
with the boundary conditions 
V . VN,M = 0, on a&, (2.9) 
VN,M = VN,M kXl,, on ai-2,. (2.10) 
The various derivatives arising in the above system are expressed by standard formulas given in [4] 
for the pseudospectral approximation. Then equations (2.7)-(2.10) form an algebraic system for 
the values of p~,&f and VN,M at the collocation points. To solve this boundary value problem 
using a decoupling technique, one may set up the computational domain for PN,M in equation (2.8) 
to be the same as the usual physical domain R,, but obtain the boundary conditions for PN,M 
from equation (2.7) inside the solution domain. It is chosen as one collocation point into the 
physical boundary. This is shown in Figure 1. The boundary conditions on the east and west 
sides are derived from the z-component of the algebraic equation (2.7) at the collocation points 
i= l,..., M - 1, i = 1, N - 1; the conditions on the south and north sides are the y-components 
at i= l,..., N - 1, j = 1, M - 1. These conditions are sufficient to obtain PN,M in the solution 
domain. 
The boundary conditions for equation (2.7) are slightly complicated. The computational do- 
main for the x-component of equation (2.7) is shown in Figure 2. This has been reduced by one 
collocation point in the x-direction compared with the original physical domain. The computa- 
tional boundary conditions on the south and north sides remain unchanged, while the computa- 
tional boundary conditions on the east and west sides are derived from the divergence conditions 
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‘igure 1. The computational domain and boundaries for PN,M, 
Nwh v=vJen 
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the computational boundary 
Figure ‘2. The computational domain and boundaries for UN,M. 
and the no-slip conditions at the wall, which provide the implicit conditions in the calculations. To 
solve the y-component of equation (2.7), the computational domain is similar to the z-component, 
but the computational domain and boundary conditions are switched. For example, the com- 
putational boundary conditions on the north and south sides are the implicit conditions derived 
from the divergence conditions and the no-slip conditions at the wall. 
With these arrangements, the system (2.7)-(2.10) splits into the following three decoupled 
systems with their appropriate boundary conditions: 
(a) the system for ~N,M, 
v2pN,M + v . SN,M = 0, l<i<N-1; l<j<M-1, (2.11) 
with the boundary conditions 
apN M 
1 = xv2uN,M - (S&M, 
8X 
l.Cj<M--1; i=l,N-1, (2.12) 
aPN M 
d = XV2v~,~ - (Sy)N,M, 
ay 
1<;<Iv-1; j=l,M-1; (2.13) 
where (S~)N,M and (&IN,, are the x- and y-components of the vector SN,,U; UN,M and 
VN,M are the components of VN,M. 
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(b) the system for uN,M, 
JV2u N,M = 
%‘N,M 
8X 
+ &)N,M, 2<isN-2; l<jlM-1, (2.14) 
with the boundary conditions 
uN,M = 0, 2<i<N-2; j=O,M, 
V. VN,M = 0, UN,M = 0, l<j<M-1; i=O,N; 
(c) the system for VN,M, 
(2.15) 
(2.16) 
xv’VN,M 
+N M 
= T + (%)N,M, l<i<N-1; 2<j<M-2, (2.17) 
with the boundary conditions 
VN,M = 0, 2<j<M-2; i=O,N, (2.18) 
V. VN,M = 0, VN,M = 0, l<isN-1; j=O,M. (2.19) 
The new systems (2.11)-(2.19) consist of solving for three Poisson’s equations on the compu- 
tational domains, as indicated in equations (2.11), (2.14) and (2.17) with their corresponding 
boundary conditions. This can be done by an efficient matrix diagonalization technique [5]. 
3. COMPUTATIONAL RESULTS 
Now let us report on some accurate results obtained using this new scheme. For the unsteady 
Navier-Stokes equations, we adapt a similar scheme compared to the system (2.1)-(2.4). By 
employing a second order ACBN scheme for the time discretization: 
{ 
Av2v”+ i - &V”+’ = Vpn+(‘/2) + S”, in R, 
V2p”+(‘/2) + V . S” = 0, in R, (3.1) 
V = V Ian, v-v=0 on 130, 
where A = f and the vector S is defined by (1.2). In the calculation, the velocities V”+’ and 
pressure p”+* are decoupled, i.e., equations (2.14) and (2.17) with their boundary conditions are 
solved first, and then advanced the pressure equation (2.11) with the boundary conditions (2.12) 
and (2.13). All the initial values are taken to be zero. 
We applied this scheme to the classical regularized driven cavity problem, that is, V = 
(16[2(1 - xc)]‘, 0), at the top of a unit cavity. The steady solution can be obtained when 
t + co by solving the unsteady scheme (3.1). The values and the locations of the centers of the 
primary vortices for Reynolds number up to 10,000 are given in Table 1 which are very much in 
agreement with those of previous researchers. Since the divergence is not directly imposed, in 
Table 1 we also include the maximum residual divergence in the solution field. 
Table 1. Characteristics of the regularized cavity flow. 
Note: The results of Re = 100, Re = 1,000 and Re = 5,000 were converted to 60 x 60 
uniform grids, and Re = 10,000 were 65 x 65 grid points. 
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